We describe an exactly solvable model of a resonant tunneling diode in which incoherence is introduced by adding a small random phase to the wavefunction on each round trip between the barriers -a FabryPerot picture with dephasing. We find that this form of incoherence broadens and lowers the resonant transmission peak while conserving its area (current conservation), in agreement with previous studies. The autocorrelation function of the transmission coefficient cannot be characterized by a single width but has two energy scales, which we speculate may identify 'coherent' and 'incoherent' fractions of the current. The shot noise is raised from the suppressed value found for purely coherent transport towards its classical value. This behaviour is supported by a picture using wavepackets with differing transmission coefficients impinging on a barrier.
I. INTRODUCTION
At first sight, a calculation of the current through a resonant tunneling diode ought to be a simple proposition. 1 The resonant state is trapped in a well between two barriers much like an optical Fabry-Perot etalon and one could imagine a wave mechanical calculation 'identical' to the classical electromagnetic wave one. However, particularly away from the resonant peak in the current, agreement between such a calculation and experiment is poor. This disagreement is believed to arise from scattering processes. The lifetime of an electron in the resonance exceeds the lifetime against many phase-breaking processes such as electron-electron or electron-phonon scattering. Therefore, an electron can not be treated simply as a coherent wave. This point of view can be carried to the extreme of the 'sequential' model of tunneling 2 which is largely classical, employing quantum mechanics only to explain the existence of the resonant state.
A wide range of theories has been developed to treat resonant tunneling in the presence of processes that introduce incoherence. They vary widely in detail and sophistication but all agree that the current through the resonance is unaffected 3, 4 provided that its width remains smaller than other relevant energy scales, such as those set by the individual transmission coefficients of the barriers and the Fermi energy. It is assumed that the whole width in energy of the resonance is flooded with electrons from the emitter, so that the current depends only on the area of the resonance and not on its detailed shape (which is affected by incoherence). Thus the average current through a resonant-tunneling diode provides no information about the degree of coherence and a more searching probe is needed.
This may be provided by the shot noise 5 at low frequencies, S. Measurements of S in resonant tunneling [6] [7] [8] [9] show that this is reduced below its classical value of 2eI for symmetric structures, where the barriers have similar transmission coefficients. Calculations based on perfectly coherent transport [10] [11] [12] showed that the shot noise factor is given by
The peak transmission is given in terms of the transmission coefficients of the left and right barriers by T pk coh = 4T L T R /(T L + T R ) 2 and reaches T pk coh = 1 when T L = T R . This is in excellent agreement with some experiments 6 and might suggest that transport is nearly coherent. However, classical calculations using a master equation [12] [13] [14] [15] give exactly the same result. Unfortunately the master equation has not been derived from a microscopic model so it is not clear whether the master equation applies to the coherent or sequential limits. Calculations of the noise by quantum statistical mechanics including interactions 16, 17 are extremely complicated, even to lowest approximation, and a more straightforward model would be desirable.
Simple one-dimensional models have thrown much light on the effect of incoherence on conduction. One approach [18] [19] [20] uses the analogy with an optical Fabry-Perot etalon where the cavity is lossy and causes the waves to decay as they bounce back and forth. This decay causes the resonant transmission peak to become lower and broader; its total area decreases and therefore the current falls too, which is interpreted as a loss of the 'coherent' component of conduction. However, electrons cannot be absorbed like photons, and those electrons that have decayed out of the coherent beam are considered to be the 'incoherent' part of the current. Their inclusion restores the current to its value in the purely coherent state, as mentioned above. A calculation of the noise within a model which must be 'fixed' to conserve current undermines any conclusions, and a superior description is needed. Another approach 21 is to simulate dephasing by adding a fictitious lead and reservoir to the sample, adjusting the chemical potential of the reservoir so that no average current
The 'partial waves' picture of resonant tunneling, showing an electron bouncing between the two barriers. In our model -a Fabry-Perot model with dephasing -incoherence is introduced by adding a small random phase to the electron wavefunction each time it bounces back and forth between the barriers (well region). By traversing the structure, each electron acquires a definite set of random phases {ϕ j } and hence constitutes a coherent object.
flows through its lead. The noise can be calculated within this model 11 and will be discussed in Sec. III.
II. A FABRY-PEROT MODEL WITH INCOHERENCE
We present a simple one-dimensional model where incoherence is introduced by adding a small random phase to the wavefunction each time it bounces back and forth in the cavity. The transmission amplitude, current and shot noise can all be evaluated exactly. Incoherence spreads out the resonant peak in the transmission coefficient without affecting the current as in previous calculations. The noise, however, rises from its suppressed value quoted above towards its classical value, although not by as much as the reduction in T pk would suggest.
A simple way of calculating the transmission through double-barrier structures is to use 'partial waves' as shown in Fig. 1 , where one sums over the waves as they bounce back and forth between the barriers. First we briefly review the results for a coherent system.
A. Current in a coherent system
Within an overall phase factor, the transmission amplitude for this structure is given by
where r L ,R and t L ,R are the reflection and transmission amplitudes of the barriers seen from inside the device,
is the overall change in phase on one round-trip between the barriers for an electron with wavevector k. We shall make the usual approximation that r L ,R and t L ,R are constant through the range of energy of interest.
For a narrow resonance the flux transmission coefficient T = |t| 2 can be expanded about θ = 0 (resonance) to give a Lorentzian peak of height 
The width in θ is θ coh = T L + T R , and can be converted to energy using δE = (hv/2d)δθ where v is the velocity of the electron between the barriers. 22 Thus
Note that we take the full-width at half-maximum as the 'width' of the resonance. Provided that the resonance is narrower than all other energy scales, the current I is proportional to the area under T (E). 23 This is usually evaluated by integrating the Lorentzian approximation from −∞ to ∞. Here it is more convenient to use the exact form (2.1) and integrate over the period in θ from −π to π ; the two approaches must of course agree in the physical limit of a narrow resonance. Contour integration around the unit circle gives
This concludes our survey of the coherent case.
B. Current in an incoherent system
We introduce incoherence by adding a small random phase ϕ j to the wavefunction on each round-trip between the barriers. We shall loosely refer to the effect of these random phases as 'scattering'. This is really intended only as a simple model, on the level of the complex wavevector introduced previously, [18] [19] [20] and its relation to more physical descriptions is deferred to Sec. III. The transmission amplitude becomes
where ρ = r L r R e 2ikd = √ R L R R e iθ . Note that each electron acquires a definite set of random phases {ϕ j } and hence is a coherent object. A similar situation arises if one considers the propagation of an electron through random impurities and, as in that case, an ensemble average is needed to make further progress. Here this means an average over the phases {ϕ j }, which we denote with angle brackets. We write e iϕ = α = 1 − β where α is real (a phase would simply shift the resonance) and β is small. Next we make the critical assumption that the phases on successive round-trips are independent so that e i(ϕ 1 +ϕ 2 ) = e iϕ 2 = α 2 . Upon averaging, each e iϕ in Eq. (2.4) becomes α; this means that the amplitude of the ensemble-averaged wave decays as it bounces back and forth between the barriers, as in the optical models with absorption. [18] [19] [20] The series can be summed as in Eq. (7) of Ref. 19 
The square of Eq. (2.5) gives a broadened Lorentzian of increased width
The additional contribution inc is due to incoherence, and can be expressed in dimensionless form as θ inc = 2β. The height of the peak is reduced by a factor of ( coh / tot ) 2 so the current, proportional to the area of | t | 2 , is reduced by a factor of coh / tot . It is tempting to identify this current with the 'coherent' part. 19 However, the true current should be calculated from the ensemble average of the (flux) transmission coefficient, T ≡ |t| 2 , and not from | t | 2 which is what we have just done. In fact it is easy to show that | r | 2 + | t | 2 < 1 in the presence of incoherence, as in the optical models. The transmission coefficient is given by squaring Eq. (2.4) which leads to the double sum
The sum must be broken into m < n, m = n and m > n before averaging (rather like time-ordered products), and many phases cancel. For example, the contribution with m > n involves
All three contributions sum to
This clearly reduces to the usual result for a coherent system [the integrand in Eq. (2.
3)] if α = 1. It can again be expanded as a Lorentzian, of width tot and height T pk tot = ( coh / tot )T pk coh . The area, proportional to tot T pk tot , is conserved and so, therefore, is the current. This can be confirmed by integrating T (θ ) over θ as in Eq. (2.3); α drops out to show that the current is strictly independent of incoherence. It is also easy to show that flux is conserved, R + T = 1.
C. Shot noise
The shot noise for coherent quantum mechanical transmission is proportional to T (1 − T ) at each energy. 24, 25 Integrating over a narrow Lorentzian peak leads to Eq. (1.1) for the shot noise factor. In the case of incoherent tunneling, the broadened peak in transmission suggests that the shot noise should increase due to scattering. Putting T from Eq. (2.9) into the integral gives
This 'mean-field' result indeed shows that incoherence should raise the shot noise factor back towards its classical value γ = 1. However, a correct calculation needs the more complicated average T (1 − T ) . The new term T 2 can be evaluated as in Eq. (2.7) and contains the products of four sums whose phases must be correctly ordered. In fact we only want the integral of the noise over the resonant peak so we can integrate over the period of θ before averaging and summing, which greatly reduces the tedium of the calculation. This can also be done for the current, and shows that the total current through the resonant peak does not contain the random phases and is therefore strictly the same for any member of the ensemble, clean or disordered. In contrast, the random phases remain in the expression for the shot noise and must be summed as in Eq. (2.8). After much manipulation, the shot noise factor is found to be
where R = R L R R = |ρ| 2 . Thus incoherence raises the shot noise, but not to the full extent of Eq. (2.10) which was guessed from T alone.
D. Effect of the ensemble average
The factor of 1 2 in the denominator of the shot noise factor, Eq. (2.11), looks mysterious. We shall now discuss its origin, which sheds considerable light on the effect of incoherence. If the effect of the random phases were simply to broaden the transmission of each member of the ensemble in a similar way, we would expect Eqs. (2.10) and (2.11) to be identical. The difference must arise from fluctuations in T (E) from one member to another, and we have considered two ways in which this might happen.
One possible reason is that the width varies between members of the ensemble, and that γ and T (E) measure different statistics of its distribution. Assume that member n of the ensemble, with its particular set of random phases, has a closely Lorentzian transmission coefficient T n (E) of height T (n) pk and width (n) , giving a shot noise factor of γ (n) 
pk . Conservation of current demands that the height and width of the peak be related by The second issue is the way in which we have defined the total width tot in the presence of scattering, Eq. (2.6), using the average transmission coefficient T . Two changes occur when the random phases {ϕ j } perturb a perfect structure: the resonance is broadened because we have degraded the interference, and the center is shifted away from E = 0. Both effects are convoluted in T and both therefore contribute to inc , the increase in width due to scattering. The expression for γ coh contains an integral over T (1 − T ) and is consequently insensitive to any shift of T (E), picking out only its width. Thus S will reflect a smaller width than T if shifts are significant, and both the shift and the broadening arise from the random phases so we expect them to be of similar magnitude.
We shall now show that shifts in T (E) are responsible for the factor of 1 2 , rather than fluctuations in the width, but that the definition of the width turns out not to be straightforward. Some examples of T n (θ ) for particular sets of random phases illustrate what is happening. Fig. 2a-c shows results as a function of the dimensionless variable θ for T L = T R = β = 0.02, in which case inc = coh . The peaks of T n (θ ) are clearly displaced from the origin. They are also narrower and higher than that of T (θ ) (thick line), with a width closer to that of the coherent system (thin line) although their height is reduced. This indicates that shifts of the center make a significant contribution to tot and that the average transmission coefficient T (θ ) is not a good description of a typical curve.
To eliminate the effect of shifts in T n (θ ) we have calculated the ensemble-averaged autocorrelation function. This is defined by c T T (θ ) = T (θ + θ) T (θ ) θ which requires two averages: first over θ for a particular sample, then an ensemble average. In practice it is more convenient to use the Wiener-Khinchine theorem. The transmission coefficient T (θ ) has period 2π and can be expanded in a Fourier series as T (θ ) = ∞ k=−∞T (k). The Fourier series for the autocorrelation function is then given byc T T (k) = |T (k)| 2 . The averaging over the ensemble can be done term-by-term in the Fourier series, which can then be inverted to give c T T (θ ). The result is
(2.12)
An important limit, which follows from the definition of c T T (θ ), is 2π c T T (θ
This is the same integral as in the noise calculation and the check is consistent with Eq. (2.11).
We next expand c T T (θ ) for small θ assuming a narrow resonance as usual. Recall that θ coh and θ inc are the dimensionless equivalents of coh and inc . Then
This is a remarkable result. When θ inc = 0 there is a single Lorentzian of width 2θ coh , which is expected as T coh (θ ) is a Lorentzian of width θ coh . The naive expectation (made in the second paragraph of this section) is that incoherence simply broadens T(θ ), but the autocorrelation function shows that this is too simplistic. Instead, the introduction of incoherence causes a second, broader peak of width 2(2θ coh + θ inc ) to appear, leaving the width of the central peak unchanged. Both peaks become lower as θ inc increases, but are of equal height when θ inc θ coh . Although one would expect to see features in the transmission coefficient if the scattering induced a well-defined energy scale, optic phonons being an obvious example, it is surprising that a typical transmission coefficient cannot be described by a single width in the deliberately featureless model of scattering used here.
This analytic result conforms well with the numerical results (Fig. 2d) . It shows that there is a central peak in T (θ ) which does not widen (but may be displaced from the origin), with longer-ranged structure in the tails which grows and spreads with increasing incoherence. It is also tempting to identify the two Lorentzians in Eq. (2.14) as 'coherent' and 'incoherent' contributions to the current. If only the 'coherent' part is included in γ , we get equation (2.10) for the shot noise factor; including the 'incoherent' electrons improves the suppression back to equation (2.11).
Finally, an expansion of c T T (θ ) for large angles shows that the strength of the tails is proportional to (θ coh + θ inc )/θ coh = tot / coh . This is what we would expect from the width tot of T (E) and gives no hint of the behavior at small θ .
III. DISCUSSION
We first argue that incoherence must raise the shot noise within this model. Consider any member of the ensemble. Introducing the random phases spoils the resonance, broadening and lowering the peak in transmission. Now each member of the ensemble represents a coherent transmission process, meaning that each electron wave has a definite set of random phases, and therefore satisfies the conditions used to derive γ coh from T (1 − T ). 24, 25 Thus the result γ coh = 1 − 1 2 T pk coh can be applied directly to each member of the ensemble and shows that lowering the peak of the resonance must raise the shot noise. The hard work is in averaging over the ensemble to find the numerical factor.
Further illumination comes from a picture of the shot noise based on wavepackets. 26 The ensemble average of the shot noise factor is given by an averaged version 27 of the Lesovik formula,
Note that Eq. (3.1) involves the quantity T 2 (θ ) and not T (θ ) 2 . The shot noise factor in the coherent system, γ coh , is given by Eq. (3.1) with the coherent transmission coefficient T coh (θ ) but without the angle brackets. We have already shown that incoherence does not affect the average current,
This means that it does not matter whether we average the quotient in Eq. (3.1) or the numerator and denominator separately. Therefore, to demonstrate that γ inc > γ coh , we must show that T 2 (θ ) dθ < T 2 coh (θ )dθ . This can be accomplished by analyzing the transmission coefficients of the impinging electrons as wavepackets.
In the wavepacket picture of the incoherent system, each electron that impinges on the device experiences a different transmission coefficient T (n) . This is supported by a picture of wellwidth fluctuations in a three-dimensional device to be discussed below; each wavepacket hits the double barrier at a different point in the plane, and therefore experiences a different set of random phases. The random phases prevent optimum constructive interference as the electron bounces back and forth within the well, which leads to a lower resonant peak T (n) pk for the n th electron as compared with T pk coh . In addition, the width of the resonance for this electron increases, (n) > coh . Assuming a Lorentzian shape for the resonance seen by the n th electron, we have
As we average over all the impinging electrons, which means an average over all the random phases, we obtain T 2 (θ ) dθ < T 2 coh (θ )dθ . Thus incoherence raises the shot noise. A more physical, although less precise, explanation for the increase of the shot noise in the presence of incoherence is as follows. The shot noise described by the Lesovik formula is due to the randomness associated with a particle being transmitted through the system. For instance, there is no randomness in the transmission process in a coherent system where the particle is always transmitted (reflected), i.e. T = 1 (T = 0), and hence the shot noise is zero [S coh ∝ T coh (θ )(1 − T coh (θ ))dθ = 0]. 26, 28 In the incoherent system the transmission process is more random than that of the coherent system; unlike the coherent system, each impinging electron has a different transmission coefficient in the presence of incoherence (due to the random phases) at a given energy. Therefore, the shot noise in the incoherent system should be larger than that of the coherent one since the transmission process is more random in the former.
We shall now discuss the relation of our model to several physical scattering mechanisms, before comparing it with other theories and experiments. A complication is that our model is strictly onedimensional while real devices are three-dimensional and can only be reduced to a one-dimensional description in the absence of scattering. The closest realization of our model is slowly-varying fluctuations in the width of the well. The electron has a component of velocity parallel to the barriers, and the fluctuations cause the electron to acquire a slightly different phase change on each round trip. However, detailed calculations of a similar form of disorder 29, 30 show effects that are intrinsically three-dimensional so this analogy should not be pushed too far. Scattering by an alloy in the well, or by acoustic phonons in the quasi-elastic regime, may also be described approximately by the model. Several theoretical approaches have been made to shot noise in resonant tunneling. Classical calculations based on a master equation [12] [13] [14] gave the same result as the coherent picture, Eq. (1.1). It might seem obvious that the master equation should describe the sequential limit of resonant tunneling, but this has not been proven. Indeed it has been shown 31,32 that a rate equation, of similarly classical appearance, holds also in the coherent limit. The structure of the master equation used in the calculations is straightforward and it is interesting to speculate on how it could change in the presence of incoherence to raise the shot noise.
Runge 17 considered alloy scattering inside the well of a resonant tunneling structure within the coherent potential approximation (CPA). This is a form of impurity scattering, which only becomes 'incoherent' after an ensemble average, and is therefore related to the scattering in our model. He found that Eq. (1.1) holds independent of the alloy disorder. We do not understand the difference between this result and ours; further work is needed to resolve the discrepancy.
Büttiker 11 considered a fictitious reservoir attached to the resonant state to simulate incoherence. 21 The strength of the coupling to this reservoir sets the degree of incoherence. The transmission coefficient T tot can be resolved into coherent and incoherent contributions, where the latter is due to electrons that visit the fictitious reservoir on their way. Incoherence broadens the peak in transmission while preserving its area, in common with the other approaches. Eq. (14) of Ref. 11 shows that the shot noise remains proportional to the integral of T tot (1 − T tot ), and therefore increases with incoherence as in Eq. (2.10). Although the details differ, as they depend on the specific form of incoherence, our results are in broad agreement with this paper.
Comparison with experiment is perplexing. The experiments of Li et al. 6 covered a range of values of T L /T R and therefore of T pk coh . They fitted Eq. (1.1) well within the uncertainty in determining T L and T R . In particular, γ ≈ 1 2 was found for the most symmetric device. Direct application of the present theory would require that this device be highly coherent, with inc coh . This would be surprising as the dwell time in the wellh/ coh ≈ 0.1 ns for this device, very long on the scale of typical scattering processes (a few ps). One more recent experiment on a symmetric structure 9 is also in reasonable agreement with Eq. (1.1), but other measurements on a range of devices 8 show a weaker suppression of shot noise and are in better agreement with our results.
There are other factors that affect the shot noise which have not been included in this calculation. In particular, resonant tunneling is associated with a high space-charge density trapped between the barriers; fluctuations of the current are correlated with fluctuations of this charge which feed back into the potential distribution across the device. This can lower the shot noise considerably (and increase it when the differential resistance is negative). 33 The shot noise factor depends (through the electrostatics) on the geometry of the device and is therefore more difficult to estimate. There is no minimum of 1 2 with this mechanism and one device was measured 7 to have γ ≈ 0.35. Unfortunately the more recent experiments which employed a range of devices 8 did not confirm this effect. The influence of space-charge feedback on shot noise therefore remains unclear.
Finally, a very recent experiment 34 employed a resonant tunneling structure in one arm of an interferometer and was able to detect the phase as well as the modulus of the transmission amplitude. They found that the resonant structure was much narrower in the phase than the amplitude. Our calculations in Sec. II D suggest that the coherent part of the current retains a width of coh even in the presence of incoherence, while the total width rises to tot . One would expect a measurement of the phase to be sensitive only to the coherent part of the transmission, while the amplitude detects all the current, so our calculation is in good qualitative agreement with this experiment.
IV. CONCLUSIONS
We have presented an exactly solvable model of resonant tunneling with scattering, and found that scattering weakens the suppression of shot noise below its classical value. Current is rigorously conserved, an advance on models that use the analogy of a complex refractive index. We have proposed a tentative separation of the current into 'coherent' and 'incoherent' components based on structure in the transmission coefficient revealed by its autocorrelation function, where the width of the 'coherent' feature is not increased by scattering.
There remains qualitative disagreement between current theories of shot noise with some, like ours, predicting that it rises due in the presence of incoherence while others suggest that it is unaffected. The experimental situation is also unclear, with recent results showing less suppression of shot noise than expected for perfectly coherent transport. It might be useful to compare devices with pure wells (GaAs) and alloy wells (InGaAs). Alloy scattering in the latter should give effects very similar to those calculated here, while keeping the layers of constant thickness should not affect any space-charge feedback.
